We present a detailed analysis of the propagation dynamics of short and intense circularly polarized pulses in an aligned diatomic gas. Compared to linearly polarized intense pulses, high harmonic generation (HHG) and the coherent generation of attosecond pulses in the intense-circular-polarization case are a new research area. More specifically, we numerically study the propagation of intense and short circularly polarized pulses in the one-electron H 2 + molecular gas, using a micro-macro Maxwell-Schrödinger model. In this model, the macroscopic polarization is computed from the solution of a large number of time-dependent Schrödinger equations, the source of dipole moments, and using a trace operator. We focus on the intensity and the phase of harmonics generated in the H 2 + gas as a function of the pulse-propagation distance. We show that short coherent circularly polarized pulses of same helicity can be generated in the molecular gas as a result of cooperative phase-matching effects.
I. INTRODUCTION
We study in this paper the highly nonlinear effects of propagation of intense and short circularly polarized (CP) pulses in a one-electron H 2 + molecular gas. This work is in particular motivated by interest in circular filamentation [1] , and more generally by the generated effects, at the macroscopic level, of molecules subject to intense and short few-cycle CP light. We simulate the evolution of the intensity and the phase of the generated odd time harmonics during the laser-molecule interaction as a function of the propagation length of the pulse in the gas. This is possible by using the Maxwell-Schrödinger-plasma (MASP) propagation model and code which was presented in several papers [2] [3] [4] [5] . The MASP equations consist of the coupling of (i) macroscopic Maxwell equations modeling laser-pulses interacting with (ii) many laser-molecule time-dependent Schrödinger equations (TDSEs) from which are deduced by using a trace operator, the macroscopic polarization from the total-laser-induced molecular dipole moments.
High harmonic generation (HHG) in atomic or molecular gases by high-intensity ultrashort linearly polarized (LP) laser pulses is currently the main method for producing coherent extreme ultraviolet and attosecond (as) pulses [6] . This is based on a universal model of electron-recollision with a maximum harmonic energy,
where I p is the ionization potential of the atom or molecule, U p = e 2 E 2 /(4mω 2 0 ) is the ponderomotive energy of the electron in an oscillatory field E(t) of maximum intensity * mariannalytova@cmail.carleton.ca † elorin@math.carleton.ca ‡ Centre de Recherches Mathématiques, Université de Montréal, Montréal, Canada H3T 1J4; andre.bandrauk@usherbrooke.ca I = eE 2 /8π and frequency ω 0 [7] [8] [9] [10] [11] [12] [13] . Molecules offer an interesting medium because both ionization and recombination steps are dependent on the particular symmetry of the highest occupied molecular orbital (HOMO) and orientation [10] [11] [12] 14] . Furthermore, at large distances, stretched or dissociated molecules offer the possibility of obtaining harmonics well beyond the 3.17U p cutoff law (1) [10, 15, 16] . The recombination LP model allows us to perform a full tomographic reconstruction of the HOMO at a high degree of spatial alignment of the molecules [17] [18] [19] . For LP pulses the mathematical steps in structural retrieval from HHG are based upon the strong-field approximation (SFA), a single active electron (SAE) model, and a three-step process [7, 8] : (i) tunneling ionization with zero initial electron velocity; (ii) acceleration in the laser field E(t); (iii) recombination back into the bound electronic state. This simple threestep model can be shown to always produce a maximum return energy predicted by Eq. (1), even with nonzero initial velocity upon ionization [9] . Several important questions still remain open, such as the influence of the intense laser field upon the bound electronic states upon recombination [20] , depletion of the initial ground state [21] , the influence of the Coulomb potential on the continuum electron states [22] ; all effects neglected in SFA. Finally, it is important to consider macroscopic propagation effects because these lead to interesting phenomena such as filamentation [23, 24] with the conclusion that ionization dynamics can strongly influence the synthesis of isolated attosecond pulses [25] . We focus in this paper on the single-electron H 2 + system, which nevertheless involves coupled electron-nuclear motion beyond the Born-Oppenheimer approximation [26] . For this H 2 + system, a previous TDSE simulation with exact nonBorn-Oppenheimer solutions lead to enhanced ionization and HHG in the presence of an attosecond extreme ultraviolet (XUV) and infrared (IR) fs pulse with the resulting efficient generation of attosecond pulses [27] . A first Maxwell-TDSE equation for this system was then developed, based on a slowly varying envelop approximation (SVEA), leading to a first-order partial differential equation [28] . Such an approach neglects ground-state depletion due to ionization, neglects backward propagation, and is therefore appropriate only for low field strengths. It was nevertheless found that initial attosecond pulses could be shortened further in time through the resultant HHG attosecond pulses produced nonlinearly in the presence of an intense IR fs pulse [29] . Later, a Maxwell-TDSE model was developed in Ref. [30] , where aligned one-dimensional (1-d) H 2 + molecules were subject to intense short LP fields. The present work is an extension of Ref. [30] in the case of CP pulses.
For circularly polarized fields interacting with atoms, recollision is predicted from classical models to be absent and requires pairs of co-or counter-rotating circular pulses [31] [32] [33] . We show that including propagation effects can produce HHG with single CP intense pulses in molecular systems. In this paper we address the problem of attosecond-pulse generation and propagation by HHG in an aligned molecular medium subject to CP pulses [34] [35] [36] . The molecules are assumed to be aligned, and with all the same orientation, thanks to a first low-intensity pulse. We emphasize that this is a not a constraint of the model and random orientation of the molecules could also be considered. The propagation effects on the generated harmonic intensities were specifically analyzed, such as the coherent generation of high-energy photons as a function of the pulse propagation length.
We conclude this introduction by a discussion about the expectation of the generated harmonic intensity as a function of propagation length. In the LP case, it is theoretically established by perturbation theory (which, however, limits the range of validity) [37] that the harmonic intensities scale quadratically as a function of the propagation distance due to cooperative phase matching. We shortly summarize here the corresponding physical process. For an x axis linearly polarized (LP) pulse of amplitude E 0 , envelope E, frequency ω 0 , and wave number k 0 = ω 0 /c, propagating in the direction e z , E(x,t) = E 0 E(x,t)e i(k 0 z−ω 0 t) e x , where x = (x,y,z) T , Maxwell's equations for E read where J is the current density, P L and P NL are the linear and nonlinear polarization, such that the Fourier transform of
, where to first order
and in higher orders,
is a rank (2i + 2) tensor of the medium susceptibility, while the factor δ(ω 1 + ω 2 + · · · + ω 2i+1 − ω) takes into account the energy-conservation law. This expansion is possible by solving the laser-quantum particle TDSE by perturbation theory. The nonlinear refraction index n then reads n = n 0 + n 2 I + n 4 I 2 + · · · , where I is the field intensity. In general, the nonlinearities introduce focusing and filamentation [1] . The above equations apply to linear polarization. We establish in this paper that, based on numerical experiments, the low-order odd-harmonic intensities scale quadratically with distance, when a CP probe pulse propagates in a H 2 + molecule gas (centrosymmetric medium) and that the generated photons exhibit in the HHG process circular polarization (CP).
II. MAXWELL TIME-DEPENDENT SCHRÖDINGER-EQUATION MODEL
We study the process of attosecond pulse generation by the analysis of harmonic phases and intensities by using the micro-macro Maxwell-Schrödinger model, which consists of the coupling of Maxwell's equations (MEs) and TDSEs within or beyond the Born-Oppenheimer approximation. The model is totally nonperturbative, vectorial, and multidimensional, taking into account ionization and high-order nonlinearities beyond classical and semiclassical nonlinear Maxwell and Schrödinger models [38] [39] [40] . The MASP equations in the general case read
where N q (x ,t) and N e (x ,t) represent the number density of the ions with charge q (q = 1,2) and electrons, respectively. The initial ionic molecule density is taken to be continuous in space and is denoted by N (x ). It must be approximately equal to the initial electron number density N e (x ). The polarization is obtained from the TDSE
where V c denotes the nuclear Coulomb potential and x = (x ,y ,z ) T denotes the electromagnetic field space variables and for the Born-Oppenheimer approximation, the TDSE space variables are x = (x,y,z)
T . In the 1 − d/2 − d model which is considered in this paper, two-dimensional H 2 + 0 1 2 3 4 5 6 7 8 9 10 11 12 10 molecules are aligned in the z direction, oriented in the y direction, and are subjected to the circularly polarized electric field E(x ,t) propagating in the direction z. The electric field first propagates in vacuum, then in the gas, and finally exits in vacuum; see Fig. 1 . The two-dimensional (2-d) electron wave function ψ z in Eq. (6) is solved by the following TDSE modeling a molecule "located at z ":
In Eq. (7), R 0 denotes the molecular internuclear distance, z is the field propagation coordinate, and (x,y) is the electric-field polarization corresponding to the electron coordinates. The molecular polarization is calculated as with density N (z ). In the following, we denote by E the electric field (E x ,E y ), and by P = (P x ,P y ) the field-induced polarization computed from the field-induced dipole moment d z . Under the dipole approximation in the x, y directions, the electric field depends on z , and E(z ,t) is denoted by E z (t). Alternatively to the dipole moment, one can use the acceleration of the electron as given in Ref. [20] 
The MASP model is solved by using a finite-difference method described in detail in Ref. [5] .
III. APPLICATION OF THE MAXWELL-SCHRÖDINGER-PLASMA MODEL
As illustrated in Fig. 1 , the laser pulse propagates in the z direction through a vacuum region (of length L 1 ), then in a H 2 + -gas region (of length L), and finally in a vacuum region (of length L 2 ). The x , y components of the circularly polarized (CP) field E(x ,t) and B(x ,t) are functions of the z coordinate and time only in the (x,y) dipole approximation: so that the MEs (6) become
The initial circularly polarized (CP) ultrashort laser pulse is chosen in vacuum in the form (we note that the dipole approximation is applied in the polarization plane x ,y , but not in the propagation direction z ) where ω 0 is the central frequency, k 0 = ω 0 /c = 2π/λ 0 is the corresponding wave number, which in the simulations we take to be λ 0 = 800 nm, ω 0 0.057 a.u.
In the case of CP pulses the field amplitudes can be written as a function of the pulse intensity I as follows: In such a geometry the molecular density in the second medium region (of length L) can be considered as a function of the z coordinate only. Namely, in the current computations, two options were used: (a) homogeneous density (HD), where N (z ) = N 0 , and (b) nonhomogeneous, where
chosen such that
L, where β is a positive coefficient less than unity; see Fig. 3 .
The nonhomogeneous model is found to reduce or smooth out the EM-wave reflections at both interfaces between the gas and vacuum regions, as illustrated in Fig. 4 for the 
Each equation is solved using a second-order Strang splitting in time:
We have denoted by ψ n , ψ n+1/2 the space-dependent wave function at time t n , t n+1/2 . The first step provides
, where t S = t n+1 − t n = t n * +1 − t n = 2(t n+1 − t n+1/2 ) = 2(t n+1/2 − t n ). In the second step, the corresponding laser-free TDSE with initial data ψ n+1/2 is numerically solved and, finally, the third step is solved as the first one:
In the second step, we solve the 2-d TDSE with absorbing boundary conditions in order to eliminate electron artificial reflection in each TDSE domain, , The parallel-computing strategy described in Ref. [42] is used for solving the large set of 2-d TDSEs. More specifically, on p processors, the gas region is decomposed in p subdomains, containing S ∈ N * Maxwell cells in which we solve one TDSE, and from which we deduce the local macroscopic polarization (6) . At each TDSE time iteration, each processor solves sequentially S TDSEs, with a total of pS TDSEs modeling the gas. The time step for solving MEs is t M = CFL z M /c ≈ 0.722 a.u. with CFL = 0.99, see Ref. [41] . We neglect the interaction between H 2 + molecules, because at pressure of 13 atmospheres (N 0 = 5.17×10
−5 a −3 0 ) the average distance between H 2 + molecules is 27a 0 (1.4 nm) which exceeds largely the molecular dimension R 0 = 2 a.u.
IV. PHYSICAL RESULTS

A. Linearly polarized pulse
We first study the propagation of LP laser pulses in the H 2 + gas modeled by 2-d TDSEs. The initial laser pulse is chosen as follows: E x = 0, B y = 0, with E y and B x defined in Eq. (12), at the intensity I y = 5×10 13 W/cm 2 = 1.42×10 −3 a.u. H 2 + molecules are oriented along the y axis (i.e., parallel to E y , see Fig. 1 ). In the following simulation the gas density is assumed constant in space and time. The computation grid for the TDSEs is a 200×200-point grid. In Fig. 5 , we report the harmonic spectrum up to the 11th harmonic of the intensity of the electric field,
, as a function of the propagation length of the LP pulse. Notice that, in the case of the initial LP pulse I x (ω) I y (ω), i.e., "(ω,I (ω)) ≈ (ω,I y (ω))". In Fig. 6 , we report the harmonic spectrum (in the same interval, i.e., up to the 11th harmonic) of the y component of the dipole , of a molecule located at the right end of the gas region, for different "gas-region lengths." Figure 7 also illustrates the whole spectrum (ω,I (ω)) up to the cutoff region about the 30th harmonic. In Figs. 8 and 9 , we report the intensities, I (ω), I y (ω) of the first generated odd harmonics (3, 5, 7, 9) on a log scale and as a function of the propagation length. These results are consistent with those of Ref. [30] , where the quadratic scaling harmonic intensities and/or propagation length, was observed in a 1-d/1-d model.
B. Circularly polarized pulse
The initial CP pulse (12) has a total intensity I = 10 14 W/cm 2 , i.e., 5×10 13 W/cm 2 per component of the electric field, E x and E y . The H 2 + nuclei lie along the y axis. Since the CP-electron radius becomes r(E) = 3.7E 0 /ω 2 ≈ 44 a.u. [43] , the TDSE grid is now a 500×500-point grid or 150×150 a 2 0 . In Table I , we report the propagation time, as well as the L 2 -norm of the wave function "after the pulse"-both LP and CP cases for comparison. All the results in the table and on the following graphs refer to the case of homogeneous density, except when nonhomogeneous density is explicitly specified.
In Fig. 10 , we report the electric-field harmonic spectrum intensity (first 11 harmonics) I (ω) as a function of propagation length of the CP pulse in the gas. In Fig. 11 , we report the harmonic spectrum of the squared absolute value of the dipole moment [see Eq. (8)
2 ) of a molecule located in the right boundary of the gas region, for different gas-region lengths. In Fig. 12 , we show the same spectrum up to the 40th harmonic. In Figs. 13 and 14, the harmonics spectra
are shown separately. In Fig. 15 , we report the temporal evolution of the squared absolute value of the wave function of a molecule in the left end of the gas region. In order to avoid spurious reflections at the computational domain boundary, we impose absorbing boundary conditions with artificial potential U abs = −V 1 (x,y) − iV 2 (x,y), such that the positive definite functions V 1 and V 2 are decreasing linearly in x or y while approaching the edges of the computational domain, defined by a 500×500-point grid.
In Figs. 16-18 , we report the intensity I (ω), I x (ω), and I y (ω), of the first generated odd harmonics (3rd, 5th, 7th, 9th) on a log scale, as a function of the propagation length of the CP pulse in the gas. These results suggest that the quadratic scaling (intensity and/or propagation length) which was observed and justified in the LP case is also satisfied in the CP case for the first odd harmonics. Indeed, in a gas the influence of E y on P x through wave function [see Eqs. (6) or (7)] is negligible with respect to the influence E x on P x (the same can be said about E x and P y ). On the other hand, the system (11) for CP pulses contains two independent wave equations: for E x and E y (if one excludes B y and B x , respectively). Each of these equations can be simplified by using the SVEA, which in the perturbative regime results in I x (ω) ∼ L Figure 19 reports cos(φ x − φ y ) for the 1st, 3rd, 5th, 7th, 9th, and 11th electric field harmonics as a function of the propagation length. The cos(φ x − φ y ) = 0 condition is observed numerically, thus confirming CP harmonics. In contrast, the phase differences of the 5th and 9th harmonics differ somewhat from the zero condition.
In We also report the electric field E y components in real space, at final time t = 1051.87 a.u. ≈ 25 fs, modeled by 256 TDSEs, with homogeneous and nonhomogeneous (Fig. 3) molecule density. The difference between these two configurations is rather small and is illustrated in Fig. 21(a) and magnified in Fig. 21(b) . As expected, the nonhomogeneous density allows for a reduction of the reflection of the incoming pulse at the gas-region boundaries (both vacuum-gas and gas-vacuum boundaries). The pulse propagating through an interface where the density varies from 0 to N 0 is largely reflected. In the nonhomogeneous case the density smoothly varies from 0 to 2N 0 /(1 + β), and we observe that the reflected wave is of much smaller amplitude. However, small-amplitude high-frequency waves exist for both cases, homogeneous and nonhomogeneous, and seem unrelated to wave reflection.
In Fig. 22 , we report the electric field E modeled by 256 [ Fig. 22(a) ] and 512 [ Fig. 22(b) ] TDSEs, with homogeneous molecule density in the (x,y) space. While the upper pulse visually demonstrates CP configuration, the structure of the propagating pulse in the case of N g = 512 is strongly perturbed by the gas, and the circular polarization only is suppressed.
V. CONCLUSION
In this paper we study the generation of circularly polarized harmonics and propagation effects in a 2-d H 2 + gas. As discussed in Refs. [2, 44] , more complex molecules like O 2 and N 2 could also be considered by using the single-activeelectron approximation [45] . Numerical simulations of a MASP model allows for a nonperturbative calculation of the macroscopic polarization in Maxwell's equations using the solution of H 2 + molecular TDSEs under the influence of an intense laser pulse. The MASP model permits the accurate observation of the generation of high harmonics and nonlinearities through multiphoton ionization, as well as the inclusion of corresponding coherent effects at the macroscopic scale. Although it is theoretically possible to rigorously derive the macroscopic nonlinear polarization from laser-molecule TDSEs in the case of linearly polarized pulses, the circularly polarized case is more complex. Through the numerical MASP model, we have obtained the dipole harmonic intensities and their phases as a function of the pulse propagation length. We have shown that, for low-order harmonics (up to N ≈ 11), it is possible to coherently generate circularly polarized pulses shorter than the incoming incident circular pulse. Notice that the third harmonic, which in atmospheric linear laser filamentation [1, 46] is an important nonlinear optical emission, is also observed in the LP-pulse propagations reported in Figs. 5-7. Of interest in our work, this now appears also in circular polarization. In fact, Fig. 10 shows that the third harmonic in circular polarization becomes more dominant with increasing gas density. In Fig. 13 , this harmonic "splits" into a third and fourth harmonic, possibly due to Rabi oscillations. Macroscopic propagation effects on higher-order circular harmonics, and circularly polarized filaments, where strong inversion and laser emission has been observed from N 2 + [47] , are a future research direction. This will require extension of the present numerical MASP model through the inclusion of an additional nonhomogeneous transport equation for the macroscopic polarization coupled to Maxwell's equations [4, 48] .
